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A NONLINEAR INVESTIGATION OF THE STATIONARY MODES
OF INSTABILITY OF THE THREE-DIMENSIONAL COMPRESSIBLE
BOUNDARY LAYER DUE TO A ROTATING DISC
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Institute for Computer Applications in Science and Engineering
NASA Langley Research Center
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ABSTRACT

This work investigates the effects of compressibility on a stationary mode of instability of
the three-dimensional bound...y layer due to a rotating disc. The aim is to determine whether
this mode will be important in the finite amplitude destabilization of the boundary layer.
This stationary mode is characterized by the effective velocity profile having zero shear stress
at the wall. Triple-deck solutions are presented for an adiabatic wall and an isothermal wall.
It is found that this stationary mode is only possible over a finite range of Mach numbers.
Asymptotic solutions are obtained which describe the structure of the wavenumber and the
orientation of these modes as functions of the local Mach number. The effects of nonlinearity
are investigated allowing the finite amplitude growth of a disturbance close to the neutral
location to be described. The results are compared with the incompressible results of P. Hall
(Proc. R. Soc. Lond. A406, 93-106 (1986)) and S. O. MacKerrell (Proc. R. Soc. Lond.
A413, 497-513 (1987)).

1This research was supported by the National Aeronautics and Space Administration under NASA Con-
tract No. NAS1-18605 while the author was in residence at the Institute for Computer Applications in
Science and Engineering (ICASE), NASA Langley Research Center, Hampton, VA 23665.



1. INTRODUCTION

The problem considered here is that of the instability of the compressible boundary
layer on a rotating disc. The flow due to a rotating disc has a three-dimensional boundary
layer and exhibits a crossflow instability. This boundary layer is similar to that which
occurs on swept wings and so can be used to predict the possible modes of instability
of boundary layers on swept wings. Interest in these types of instabilities has increased
recently due to the development of laminar flow wings. Our aim here is to investigate
the effects of compressibility on a mode of instability which will be described below. For
incompressible three-dimensional boundary layers this particular mode of instability may
play a crucial role in the finite amplitude destabilization of the boundary layer.

One of the first experimental and theoretical investigations of instabilities of three-
dimensional boundary layers was conducted by Gregory, Stuart and Walker (1955). Using
the china clay visualization technique they observed a set of stationary vortices in the form
of spiral streaks rotating with the disc. The number of vortices observed was 28-31 with
the angle between the tangent at a given point on the vortex and the normal to the radius
vector being 13°. Linear stability analysis was used by Gregory, Stuart and Walker (1955)
to explain the nature of the instability. This was described as an inviscid disturbance
with an effective velocity profile having zero velocity at an inflexion point. The theory
presented enabled the orientation and the wavenumber of the vortices to be predicted.
The orientation of the vortices predicted by this theory was found to be consistent with
the experimental observations but the vortex wavenumber predicted was about four times
the value observed.

Later linear stability investigations following on from that of Gregory, Stuart and
Walker (1955) of the incompressible flow due to a rotating disc were given by Cebeci and
Stewartson (1980), Malik, Wilkinson and Orszag (1981), Mack (1985) and Malik (1986).
The results of Malik, Wilkinson and Orszag (1981) show that the effects of streamline
curvature and Coriolis force may be important. (This result was first found in the context
of the Ekman boundary layer, by Faller and Kaylor (1966) and Lilly (1966).) Malik (1986)
obtained the finite Reynolds number continuation of the inviscid mode of Gregory, Stuart
and Walker (1955) and showed that at large Reynolds numbers an additional stationary
mode can occur. The structure of this mode was subsequently investigated by Hall (1986)
who showed that it has a triple-deck structure and that it corresponds to an effective ve-
locity profile having zero shear stress at the wall. Later MacKerrell (1987) investigated
the nonlinear development of this stationary mode and obtained the important result that
it is destabilised by nonlinearity and thus may cause the premature growth of instability

waves if it is forced above a certain threshold level.



Visible evidence that an additional stationary mode of instability may occur was given
by the experiments of Fedorov et al. (1976). They observed a stationary vortex structure
having 14-16 vortices with the angle between the tangent on a point of the spiral and the
normal to the radius vector being 20°. Thus this structure has a much lower wavenumber
than that of the Gregory, Stuart and Walker mode and also a different wave angle.

The main aim of the present paper is to see how the stationary mode of Hall (1986)
develops into the compressible regime. Most importantly we want to see how far into the
compressible regime the potentially important subcritical nature of the instability persists.
We show that the mode of instability is in fact possible only over a finite range of Mach
numbers.

In Section 2, we give the full compressible equations governing the flow of interest and
the boundary conditions to be satisfied. These equations are solved in Section 3 for large
Reynolds number using a Dorodnitsyn-Howarth transformation to give the basic three-
dimensional compressible flow due to a rotating disc. We consider two cases of an adiabatic
disc and an isothermal disc. In Section 4, this basic flow is perturbed by adding a small
three-dimensional disturbance to it and a nonlinear stability analysis is presented. The
triple-deck structure of the disturbed flow is described. Although the triple-deck scalings
here differ from those of the classic triple-deck the same principles apply. A solvability
condition on the linear lower deck problem produces an eigenrelation, the solutions of
which are discussed. In order to obtain an equation for the disturbance amplitude we
perturb the solution a small distance from the neutral location. A solvability condition in
the lower deck problem produces an equation for the disturbance amplitude, the solution
of which is discussed. Finally, in Section 5 the effects of compressibility are discussed and
the results are compared to those obtained for an incompressible flow by Hall (1986) and
MacKerrell (1987).

2. THE GOVERNING EQUATIONS

We will consider the steady flow of a compressible viscous fluid above an infinite flat
disc rotating with an angular velocity {2 about the z-axis. Thus, the fluid motion is induced
by the rotation of the disc and the effects of streamline curvature and Coriolis force must
be taken into account. The problem is formulated in terms of cylindrical polar coordinates
to take advantage of the axisymmetric motion which occurs in the basic flow. Thus, we
introduce the non-dimensional coordinates and velocities (r,8,z) and (v,,vs,v,), with the
z-axis being normal to the surface of the disc. The lengths r and 2z and the velocities have
been made dimensionless with respect to some reference length £ and 14, respectively.

Since the fluid is compressible the variation of the density of the fluid must be consid-



ered. Hence, the Navier-Stokes equations and the continuity equation are not sufficient to
solve the problem. Thus, we must also have an equation of state and an energy equation.
The Reynold number for the flow is defined by

05,

R= : 2.1
Poo (2.1)

where p_, and 7, are the free-stream values of the density and the shear viscosity of the
fluid, respectively. The Reynolds number is taken to be large in the following analysis.
The density and temperature of the fluid are non-dimensionalized with respect to their free
stream values, while the shear viscosity and the bulk viscosity are both non-dimensionalized
with respect to the free-stream value of the shear viscosity. Finally, the pressure is non-
dimensionalized with respect to p_,01%¢2. The continuity and Navier-Stokes equation for a

steady compressible fluid in a reference frame rotating with angular velocity {1 are
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Here p is the density, p is the fluid pressure, u and p' are the shear and bulk viscosities,

respectively and V - v is defined by

10 10vy Ov,
V.y= ;E(rv,) toort o (2.2¢)
We consider the fluid to be a perfect gas then the equation of state is
p mﬂ ) (2.3a)



where T denotes the temperature of the fluid. The ratio of specific heats of the fluid is
defined by
c
7= l) (2'3b)
Cy
where ¢, is the specific heat at constant pressure and ¢, is the specific heat at constant

volume. The free-stream Mach number is defined by

M= e, (2:3¢)

where T, is the free-stream temperature and R is the gas constant, which can be expressed
as R = ¢, — ¢,. Using (2.3) the energy equation for a steady flow may be written in terms

of the temperature and is given by
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where k is the coefficient of thermal diffusivity and has been non-dimensionalized with

+ (2.40)

respect to %, cp. This is related to the Prandtl number o by

= £
o= (2.4b)
The dissipation function @ in (2.4a) is given by
_ ov,., 10vy v, ,Ov,, 10v, O0Ovy, 10v, O0v,,,
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The boundary conditions for the flow are that the no-slip condltlons must be satisfied at

(2.4¢)

the surface of the disc and there should be no motion far away from the disc. Hence, we
have
v, =vp =v,=0at z=0, (2.5a)

and
v, —» 0 and vy — —r as z — oo. (2.5b)

The density, temperature, and viscosities must approach their free-stream values as z — oo,
which, since they are non-dimensionalized with respect to these values, are equal to unity.
We consider two possibilities for the boundary condition on the temperature at the surface
of the disc. Either, the surface is adiabatic (i.e. thermally insulated) and then

aT
5, =0atz=0, (2.6a)



or the surface is isothermal (i.e. the temperature of the surface is prescribed). In this case

we suppose that the surface temperature is Tpw then the boundary condition is

T = TBW at z=0. (26b)

3. THE BASIC FLOW

We now consider the three-dimensional solution of equations (2.2) - (2.5) for the steady
compressible boundary layer flow over a rotating disc, for which the Reynolds number will

be large. We define the non-dimensional coordinates
(r,0,2) = (r,8, R"%2p), (3.1a)

and velocities
(vravﬂ)vl) =Y_B = (uBavBaR_%wB), (3.1b)

with the pressure, density, shear viscosity, bulk viscosity, conductivity, and temperature
denoted by pp,pB, up, 1, ks, T, respectively. This flow will be defined by the governing
equations (2.2) - (2.5) with 8/30 = 0, since the flow will be axisymmetric. We substitute
the basic flow variables (3.1) into the governing equations and neglect terms of O(R~!) in
the Navier-Stokes equations and O(R‘%) in the energy equation. Hence, for large Reynolds

number the basic flow quantities are determined from the following equations:

pg(%"r—B + g%:) + ug%”TB + ng{;—:} + 8222 o,
R R A
pB(uB-aaLrB + ng';_z + uBrUB + 2up) = ?92_3(”"%:%)’
PB = ,YM&PBTB,
e GE +un G R) = un T +wn 3 4 upl(GI2Y 4 (52
e i) W a‘; (ks g"::). (3.2a,b,¢,d, e, f)
The boundary conditions are
ug =vg =wg=0at 25 =0, (3.3a)




ug — 0,vg5 — —r as zg — 00, (3.30)

as zg — oo. (3.3¢)

pB, I, up — 1,pp — TME

Since we require some properties of the basic flow in the later stability analysis we proceed
to find the solution of (3.2) and (3.3). For an incompressible flow the basic flow can be
given by K&rmdn’s steady solution (see Kdrmén’s (1921)).

It is found that the present problem can be reduced to the corresponding incompressible
one by use of the Dorodnitsyn - Howarth transformation which will be described below.
(Riley (1964) obtains the same results using the Von Mises transformation.) Since the
fluid is stationary everywhere outside the boundary layer the pressure gradient dpg/dr
will be zero everywhere. Thus, from (3.2d,e) and the boundary conditions pp is constant

and equal to (YMZ)~!. We assume the Chapman viscosity law
u = CT, (3.4a)

where C is a constant, then the energy equation is decoupled from the momentum equa-
tions. We take C = upw/Tsw, where the subscripts w indicate values at the wall, then
the law (3.4a) will be most realistic close to the wall. We use Sutherland’s law to evaluate

HBW, hence

3/2 1+ CI/TOO
- T ], 3.4b
kew = TBW (TBW + C [Too (3.46)
where the constant C; is given by C; = 198.6°R. Since the pressure is constant from

(3.2¢) ppTs is constant and so the Chapman viscosity law (3.4a) gives ppup is constant.
From the boundary conditions as zg — oo we find that ppup = C. It is as a result of this
expression that the energy equation is decoupled from the momentum equations. Thus,

we have
"B = (I;_‘—BVK) TB, (3.50,)
BW
and
- (3.55)
PB = Ts .

We make the Dorodnitsyn - Howarth transformation (see for example Stewartson
(1964)) and introduce the coordinate

1 z5
"=z /0 pBdzp, (3.6a)
and the stream function v, where
1y 1 oy
up = r 377 and wp = —;u;—a:, (3.6b, c)



where 9/dr denotes a derivative with 1 held constant. Then the equations (3.2) become
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Now if we define 9 by ,
r
¢ = _?H(n)a
then from (3.6b,c)
up = —ZH'(n), (3.80)
/2
wp = —H(n), (3.8b)
PB

where a prime denotes differentiation with respect to 7. We also define the function G(n)
by

vp = rG(n). (3.8¢)
Hence, using (3.8) from (3.7a,b) we find that the functions H and G satisfy
H" + (I’g) — HH" - 2(G +1)? =0, (3.9a)
G"+H'(G+1)- HG =0, (3.9b)
H'(0) = G(0) =0, (3.9¢)
H'(00) =0, G(o0) = —1. (3.9d)

These are the equations satisfied by Kirmdn’s steady solution which may be solved nu-
merically. Two results from the solutions of (3.9) that we require in the later analysis

are
_HII (0)

Ty = = 0.51023and v, = G'(0) = —0.61592. (3.9¢)

The energy equation (3.7c) becomes
1 (_ rH' BTB Tg
(v-1)ML" 2 or o(y—1)M%’

The solution to this equation can be found in terms of a heat conducting term and a

2
+ HTp) = —(H'") + (@) +

viscous dissipation term. (See, for example, Riley (1964)). The solution can be written as

M22

Tg =1+ (Taw — 1)¢1(n) + (v —1) é2(n), (3.10)



where the functions ¢; and ¢, satisfy
¢1 —oH¢, =0, (3.11)

" _oH@, + oH'¢; = —o((H")? + 4(G")?). (3.12)

For the special case of a model fluid with o = 1, exact solutions of ¢; can be obtained.
Asymptotic solutions are given by Riley (1964) for large and small values of 0. Note that
if o is large the thermal boundary layer is much thinner than the viscous boundary layer
and conversely, if o is small the thermal boundary layer is much thicker than the viscous
boundary layer. In the analysis to follow we will consider ¢ = 0.72, which is the value for

air. For an adiabatic plate the boundary conditions are
¢1(0) = 43(0) =0,

¢1(OO) = ¢2(OO) = 0.
Then, we find that the solution of (3.11) is ¢; = 0. For o = 1, the solution of (3.12) is
given by
HI 2
$2=2— ( 2) -
and if ¢ = 0.72, numerically we find that ¢,(0) = 1.7899. While, if there is heat transfer
at the wall then the boundary conditions are

$1(0) = 1,¢,(0) =0,

#1(00) = ¢2(00) = 0.
In this case, the solution of (3.11) is given by

2(G)%,

é1(n) = A/:o eldp, (3.13a)

where \
I(n) = —/0 H(n)dn, (3.13b)
Al = /:o e~dn. (3.13¢)

For 0 = 0.72, A is found numerically to be A = 0.3286. The solution of (3.12) has to be
obtained numerically, except when ¢ = 1 which gives
HI 2
n=-2"Er 1 e,

and for o = 0.72 we find numerically that ¢}(0) = 0.9348. We will require the results for
$2(0), #5(0) and A in the later analysis.




4. THE WEAKLY NONLINEAR STABILITY ANALYSIS

We consider the lower branch stationary viscous modes described by Hall (1986) and
follow the analysis of MacKerrell (1987). We perturb the basic flow described in Section 3.
The disturbance will have a triple-deck structure identical to that described by Hall (1986)
for incompressible flow over a rotating disc. This will be based on the small parameter ¢,
which is defined by

=R,

The upper, main, and lower decks are of thickness of 0(¢%),0(¢®) and 0(¢?), respectively.
The structure of the disturbances in the main and upper decks is essentially the same as
that found by Smith (1979), who investigated lower-branch disturbances to Blasius flow.
It is found that the viscous effects are only important in the lower deck. The upper deck
flow structure is essentially inviscid and irrotational and provides a pressure gradient which
drives the lower deck. In the main deck the flow structure is inviscid with no variation in
pressure across the layer. The lower deck is a thin viscous layer which is required to satisfy
the no-slip boundary conditions at the disc surface. The disturbance is found to have
wavenumbers in the radial and azimuthal directions of 0(e*). Thus, we seek stationary

modes of instability with three-dimensional solutions proportional to

E = exp(-t_:—4[/ a(r)dr + £0)).
The wavenumbers a and § expand as
a= a0+62a1+63a2+---,

B=PBo+ePr+ePa+---,

as in the corresponding incompressible problem. Hence, we add disturbances proportional
to E to the basic flow described in Section 3. The forms of the expansions of the disturbance
will be different in each deck and are essentially fixed by balancing the convection and
viscous terms in the radial momentum equation in the lower deck.

We define the perturbed velocities, pressure, density and temperature by
(vp,v9,v;) =V + (U, V,W), (4.1a)

(p) Py T) = (pB, szTB) + (P’ Pp Tp)’ (4'1b)

where the perturbation quantities are assumed to be small. The perturbation terms will
be in the form of fundamental terms and harmonic terms arising from the nonlinear nature
of the governing equations. Initially, we are seeking the solution at the position of neutral

9




stability so & and # will be real. Later we will consider the solution close to the position
of neutral stability and then a will be complex. We begin by obtaining the solution in the

- upper deck.

4.1. The Upper-Deck Solutions

We introduce the coordinate Z where z = £Z so that Z is 0(1) in the upper deck. The
radial velocity perturbation expands as

— - — — U U
U = 6(53U0+e4U1+---)E+52(U20+eU21+--.)E2+53(—€§—°+§+---)E3

U U
+63(—€;—° + 6—.1,1 + -+ )E +0(6%) + c.c.

(4.2a)
where c.c denotes complex conjugate of the preceding expression and § is a small amplitude
which we shall later relate to €. The functions Uy, U etc. depend on r and Z. The
azimuthal velocity, density, and temperature perturbations have similar forms to (4.2a).
Note that there are no mean flow terms, i.e., terms independent of r and 4.

The vertical velocity and pressure perturbations have mean flow terms and are given

by

W = 6(6‘8-W_0 + €4W1 + - )E + 62(W20 + E.‘Wzl + - )E2 +’52(€5Wm0 + €6Wm1 + .- )
74 W, W W
468 2+ 22 B8 | 222 22 4L )E +0(6Y) + coc.
g3 g? e g2
_ _ (4.2b)
P = 6(°Po+¢&*P1+ - )E+6*(Pyo+€Par+ -+ )EX + 62(e*Pprp + € Prpy + +++)

Py P Py, P
+6° (—§—°+—%+ ) E® + 6 (—-;9+—%‘-+---)E+0(64) +c.c.
[ [ € €
(4.2¢)

Using the Chapman viscosity law (3.4) the shear viscosity, bulk viscosity and thermal

conductivity perturbations have the following form:
EBw y_ Maw 1 ppw
P T P T Ty P P T Ty ” (4.24)

From the solution for the basic flow described in Section 3, in the upper deck up = 0,vg =
—r,pp = 1,Tp = 1 and pp is constant. We substitute the perturbed flow (4.1) with the
perturbed terms given by (4.2) into the governing equations (2.2)-(2.5). We first consider
the linear solutions and equate terms proportional to 6 £ in the resulting equations. It is

10



found that the solution for the first order terms, which decays to zero as Z - 00, is given
by

To = Dpers, Vy=Lers, woo L sers,
ﬂo r 0 (4.3)
Py = fe™?, po=Mife "2, To=(y—1)Mfe "2,
Here f(r) is an amplitude function to be determined and
2
I =al+=201-M}), (4.4)

where M, is a local Mach number defined by M, = rM,,. Hence, from (4.4), for three-

dimensional modes to exist for neutral wavenumbers we must have
2, B3 2
of + = (1~ M}) > 0. (4.5)

Thus, for |M,| < 1 there will exist three-dimensional solutions for all real values of oy and
Bo. However, for M, > 1 three-dimensional modes will only exist for I'? > 0. We shall see
later that from Hall (1986), in order for the three-dimensional stationary modes to exist
the effective wall shear must vanish. Thus, we choose to look for stationary modes where
the effective wall shear vanishes at zeroth order. The effective wall shear at zeroth order
is

a°%;i§ + g}g—:ﬁ =0at zg =0. (4.6a)

Hence, from the basic solution described in Section 3 the condition (4.6a) is

Qor Vo
— = —— & 1.207, 4.6b

Bo Uo (4.68)
where %, and T, are defined by (3.9¢) and the solution is neutral at the position r where
(4.6) holds. This is the same result found by Hall (1986) for the incompressible problem.
The conditions (4.5) and (4.6) imply that for the stationary three-dimensional modes of
instability we are seeking to exist

IM,| < 1.567. (4.7)

Thus, these modes will not be present in high Mach number flows.

It is found that the next order terms in € have the same form as those given by (4.3) but
with amplitude g(r). This unknown amplitude is determined from matching the expansions
in the upper deck with the expansions in the main deck and will be a linear function of
f(r). Analytic solutions can also be found for the higher order terms, but are not required
in the present analysis.

11



If we now consider the terms proportional to §2E? in the governing equations we find
that the first harmonic terms are

—_— (2 7)) _ f— fz _ — ZP _
Uy = = fae 2”, Vi = _r—e 2”, Wao = -,3_0-'{28 2”,

Bo
Py = fr6 2, Dy = M2 fre™ ™2 Ty = (7 — 1)MZ fre™ 2,

Here fa(r) is an unknown amplitude function, which will later be found in terms of f (r).
There is no contribution from the nonlinear terms until the solution for Pys. It is found
later that the harmonic terms proportional to §3E® are not involved in the present analysis
so we shall omit the solutions for these terms. Thus, we consider next the 0(6°E) terms
which arise from the nonlinear interaction of the 0(6E~!) terms with the 0(62E?) terms
and the O(6E) terms with the 0(62E°) terms. In a similar way to the solutions given above
we find that

Tio = 2fie ™2, V= {4 et?, W= T vz

Bo ,30 ’
Pio= fie T2, Pyo=M2EfieT%, Tyo=(v- 1)M°2°f4e-rz’

where f; is an unknown function of f(r). We note that the solutions for the velocities
and pressure have the same form as those obtained for the incompressible problem by
MacKerrell (1987), but where I' now depends on M, as well as on ap and So.

The solutions in the main deck must match with those obtained in the upper deck as
Z —0.

4.2. The Main-Deck Solutions

From section 3 the boundary layer variable is defined by zp = €78z, where zp is 0(1)
in this layer. The non-dimensional radial velocity perturbation has the form

U = 6(%+a1+---)E+62(@+22—1-+ )E2+62(-”€—";‘-’+---)
+6"(@ + 4“3—‘ +--)E% + 53(“” + ﬂ +..)E +0(%) + cec. (4.80)

with a similar expression for V. The vertical veloc1ty perturbation has the following

expansion:
W = 5(6‘8‘{2}0 + 64‘&)1 + - )E + 62(12)20 + etgy + - - ).E'2 + 62(6612)”;0 + 57‘!2),"1 + - )
+63(w3° + o5 VB + 53(w1° + ﬂ + -+ )E + 0(6*) + c.c.
(4.8b)

12



with a similar expression for P. The density and temperature perturbations are similar to

each other. The expansion for the density perturbation is given by

Py = 6(§+bx+---)E+52(@+ﬂ+ )E2+52(”€";°+M+ )
+53(£’£+&+ )E3+63(”1°+£H+ )E + 0(8*) + c.c. (4.8¢)

We substitute the perturbed flow with the expansions (4.8) into the governing equations.
Equating coefficients of the linear terms proportional to 6 E gives the following solutions
which match with the upper deck solutions as zg — oo and Z — 0:

Tfoup , Tfovp zI‘f Bo

= G oa O oz, Y= g (cous )
(4.9)
rfo o T'foT,
po=f, ﬁO"_‘_{a_Roa T0=_{——E’
0 O2B 5 Ozp

where Ry denotes the density of the basic flow solution. The normal velocity 1 satisfies
the no-slip condition at zg = 0, but iy and 9, do not. As mentioned previously, from Hall
(1986), in order to have stationary disturbances we must choose ap and 8, so that the wall
shear is zero at zeroth order. Then agilg + Botp/r — 0 as zg — 0. At the next order of €
the solutions which match with the upper deck solutions have the same form as (4.9) but
with amplitude f replaced by g. Thus, we have p; = g.

We find that the first order terms proportional to §2E2 have the same forms as (4.9)
but with ag, 8y and f replaced by 2ag,28, and f;, respectively. Similarly, the first order
terms proportional to §°E which match with the solutions in the upper deck have the same
form as (4.9) but with the amplitude f replaced by f;. In both cases the nonlinear effects
have no contribution until the third order solutions.

We now require a lower deck to reduce the slip velocities to zero at the surface of the
disc. The viscous terms in the governing equations will now play a part in the first order
solutions at 0(6 E),0(62E?) and 0(63E) and the nonlinear effects will arise at the solution
of the next order terms in € at 0(62E?) and 0(63E).
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4.3. The Lower-Deck Expansions

We introduce the vertical coordinate ¢ where z = €°¢ so that £ is 0(1) in the lower

deck. For small values of zg we can expand the basic flow quantities up,vp, Ry Then, in

terms of ¢
up = ebupr+€&lups+--+, vp=clvp +e*€vpat---,
(4.10)
Ry = Row +€éRo+€*¢*Roy+ -+, Tp=Tpw +e€Tp1+e*¢Tpy + -+,
where Row = Ry(zp = 0). The other coefficients are defined by

1 6ju3
= - - ’
‘7! azJB 23=0

'U,Bj

and similarly for vgj, Ro;, TBj,J = 1,2,.... The coefficients will depend on r and then the
condition of zero wall shear can be written as agup; + Bovp:1/r = 0. Hence, in order for
the expansions of the disturbance in the lower deck to match with those in the main deck

as £ — oo, from (4.9) and (4.10) the radial velocity disturbance must have the form

r U,
U = 6(—£(u31+2€£u32+---)+—°+U1+EU2+---)E
efB? €

L'fs Upg | Un Uno |, Um

2 2

+6 ((m(u31+2€£um+---)+?+—€§-+---)E +—6T'+—E;-+"'
Uso  Us; 3 T'f4 Uw , Un

+53((?—+—§'+"')E +<€7ﬂ3(u31+25£u32+'“)+?+?+-“ E

+0(6*) + c.c.

(4.11a)
The azimuthal velocity, density and temperature perturbations have similar expressions to

(4.11a) in the lower deck. The normal velocity perturbation has the form

_ il feb Bo 2 BPo 3 6 7
W =é(- 32 [(erouss + Tsz)E + e(aoups + —r—vBs)f +- ]+ eWo+ Wy +..)E
0
—4T foe?
+52((—?ﬂ£—25[(00u32 + %032)52 + ]+ Wy + Wy + - ) B + € Wino + €Wy + - -°)
o
W, =\
H(TE 4+ W ) B+ (g {(couaa + o)+
0

+Wio 4 eWiyg + - -) E) + 0(8*) + c.c.
(4.11b)

while the pressure perturbation is given by
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P = §(°f+e'g+ - )E+6*(fo+ePu+ - )E* + € Pno+ e Ppy +-+)

Py P P
+8(F+ B (f“ e‘;

Note that the mean flow terms in (4.11b) are larger than for the incompressible case. The

+-+-)E) +0(6%) + c.c. (4.11c)

perturbed flow given by (4.11) with the basic flow quantities given by (4.10) is substituted
into the governing equations (2.2) - (2.5).

4.4. The Linear Eigenrelation

We equate coefficients of 6 E in the governing equations for the perturbed flow in the
lower deck. It is found that
—T fup: U(0, V2A%¢)
I u(,0) ’

where ! is a parabolic cylinder functions (see, for example, Abramowitz and Stegun (1964))

Up = (4.120)

and

rQp

A= —z——(agum + grgvm) = — (4.12b)

upwTew 2Tiwhbw’
from the r and § momentum equations of the basic flow solution and using the condition
(4.6a) on the effective wall shear. V; is determined from the following relation obtained

from the continuity equation:
aolUp + &Vo = 0.
From the energy equation we find that

—T' fTp: U(O, \/_O“A‘f)

T10 =

[ u(o,0)
and hence from the equation of state (2.3a)
—I'fRo1 U(0,v20% A%
P10 = f2R°1 (0, v2 &), (4.12¢)
:BO u (0’ 0)

We note that for an adiabatic wall Ty and pyo will be equal to zero.

It is found that the functions U; and V; cannot be determined until the solution for W,
is obtained. This is achieved by solving a third order ordinary differential equation similar
to equation (4.16) in Hall (1986). Hence, W, is given by

I'f¢

. B, Lf¢ s B3\ fFi(s) B3 rTfupiFy(s)
W = terwm + Som G a7t i+ IR o+ S B
_3ia0rI‘fR01F3(s) i(1- a)I‘meraoF4(s)] N tTgrogé?
Berswl (0,0) 262wl (0,0) 20 Tew usw’

(4.12d)
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where s = A%f . The function F; satisfies the equation
F' — s*F| + 2sF, =1,

while F,, F3 and Fj satisfy the same equation as F; but with the right-hand-side replaced
by U (0,v/2s), &[sU(0,/20%s)] and s*U(0,+/20%s), respectively. The boundary conditions
are F;(0) = F;(o0) = 0,7 =1,2,3,4. The continuity equation relating U, and V; is

b1 iIL'f b1 AW,  iprorogé?
Vo) + B3 (caups + r om) + ¢ 2uBw

Satisfying the boundary conditions at £ = 0 in (4.13) and using (4.12) gives the eigenrela-

i(aoUz + %Vz) + z'(aon + =0. (413)

tion
'HO ! ﬂo rI‘fuBle( ) 3zaorI‘fR01F§(0)
(0 + ) F(0) + 2600+ 3) o6, 0] ~ — ARU(0,0)
(1 — o)T F!(0 N 3

Since the right-hand-side of (4.14) is proportional to (1+ 1) and o and f, are real we have

,80 , _ \TRouaorFi(0) 2, B3\ rusiTF;(0)
(o642 o) - - ) S =2 (o4 2) Gl
_3aoTFR01Fé(0)
pgu(o,0)
The values of F;(0) and 2F,(0)/U(0,0) evaluated by Hall (1986) are given by

(4.15)

F!(0) = 0.5991,

2F,(0)

u(0,0)

The values for F3(0) and F;(0) depend on o and can be obtained in the same way as Hall
(1986). For o = 0.72 we obtain

= 0.4570.

F}(0) = 0.0192,
F!(0) = 1.6972.

We shall consider solutions of the eigenrelation (4.15) for the cases of an adiabatic wall

and an isothermal wall separately.

4.4.1. An Adiabatic Wall

In this case Ry; = 0 so that the eigenrelation (4.15) becomes

2ruBlF£(O) _ﬂﬁ

Fi(0) = m(ao +— (- M2))3, (4.16)
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using (4.4). Note that if M, = 0 and Tew = 1 the eigenrelation (4.16) reduces to the
eigenrelation obtained by Hall (1986) for incompressible flow. Now let

1
(B
0= a0+7 . (4.170)

From the solution of the basic flow described in Section 3, for an adiabatic wall the tem-

perature at the wall is given by

M} $:(0)
4 9

where ¢;(0) = 1.7899 for 0 = 0.72 and the value of ~ for air is 1.4. We also have from

(3.6b) and (3.8) that

TBW =1+ (’7 - 1) (417b)

T _
UBL = T (4.17¢)
L&)
(4.17d)

where % and T are given by (3.9¢). The eigenrelation (4.16) may be rearranged using (4.6)
and (4.17) to give
72

T= 2% F3(0) : U1 T3 2y1
fort = <Cl/2T§wF{(0)U(0,O) 1+ 22)2 (1 + g5 = M) (4.18)

Hence, from (4.18) Tor3 is a function of M, only. From the results obtained by Hall
(1986) I‘or% = 1.224 for an incompressible flow where I’y can be regarded as the effective
wavenumber of the perturbed flow.

If we now equate real parts in the eigenrelation (4.14) we have, for real values of o
and ﬂo,

2 1
2, Bo _ T(cr)? P
(ao + F)F{(O) = ———2,33T3w (alum + TvBl), (4.19)
which can be rearranged using (4.17) to give
o1 by, s 1,2 F{(0)TE, C*/? B 2 -3 Toy1
—_— ri =2(For2)2 14+ = —-M.)"3(14+ =)4. 4.20
o (B B O R CR O DR

The value of (a;/8 — aoB1/B2)r¢ was found to be 2.312 by Hall (1986) for incompressible

flow. The expression (4.20) gives a correction to the angle between the radius vector

and the normal to the stationary vortices. The results given by (4.18) and (4.20) are
the compressible generalization of the incompressible results obtained by Hall (1986). A

discussion of these results is given in Section 5 for T,, = 491.6°R.
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4.4.2. An Isothermal Wall

If we manipulate (4.15) we obtain

Ro1ToF}(0) 260 F;(0) U5\ | 3ToRo1 F3(0)
32 %u0,0)

Tl (0,0)  CU?TE,U(0,0)' '@ FIRO).

(4.21)

1 773 21
Tors = (1+ﬁ—3—M,)‘I(0—1)

From the solution for the basic flow

Ton = [~(Tow ~ DA+ (v~ )22 44(0)]/(C**To),

where, for 0 = 0.72, A = 0.3286 and ¢,(0) = 0.9348. From the equation of state Ry =
—Tp1/Tiw. In order to evaluate (4.21) for values of M, the temperature of the wall must be
specified. Tsw is the non-dimensional temperature at the wall, defined by Tsw = T sw /Tw.
Hence, Tpw is the ratio of the dimensional temperature at the wall to the free-stream
dimensional temperature. Calculations are obtained for Too = 491.6°R and for a range of
values of Tgw. Figure 1 shows I‘or% as a function of M, for o = 0.72 for Tpw = 1.8,1.0,0.6
and 0.2, and also for the case of an adiabatic wall. We see that the effective wavenumber
of the disturbed flow decreases as the local Mach number increases.

Equating real parts of (4.14) gives the same expression as for the adiabatic wall, i.e.,
(4.20), but of course the values of ag and Po will be different, I'y being given by (4.21).
Figure 2 shows (a1 /80— aoﬂl/ﬂg)r% as a function of M, for o = 0.72 for Tpw = 1.8,1.0,0.6,
and 0.2, as well as for an adiabatic wall. We describe the orientation of the stationary
vortices are given by the angle 6y, where 6, is the angle between the tangent to the vortices

and the normal to the radius vector, then
T ar  ogr 2. -1[ca  aofr) s
tan(— — 6,) = — = — +¢°r 4(—— )r4+---.
(2 ) B Bo Bo B
Thus, from Figure 2 we see that 6, decreases as the local Mach number increases for

Tgw > 0.6 but for highly cooled walls with Tgy < 0.6 8, increases as the local Mach

number increases. The significance of these results is discussed in Section 5.

4.5. The Nonlinear Solution

We now consider the terms arising from the nonlinear interactions in the governing
equations in the lower deck. We substitute the expansions (4.11) for the perturbed flow
into the governing equations (2.2) - (2.5) and equate coefficients of 62E%. We find the

solutions N
T fyup; U(0,v2(24)1¢)

Uo=""m — up,0)
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T f:Ts1 U(0,v20%(24)%¢€)
283 u(0,0) ’

where V3o and pzo are determined from

T2 = —

oaoUszo + ?;O'Vzo =0,

Ry1T20 — T'Byp20 =0,

respectively. In the same way as for the linear terms, U,; and V3; cannot be determined
until Wa, is obtained. The solution for Wy is the same as that obtained for Wy, (4.12d),
with oy, 8;, f replaced by 2a;,28;, f2, respectively, for j = 0,1,2. Satisfying the boundary
conditions at the wall in the continuity equation gives the following expression relating f;
to f:

2, B3\ Fi(0) 2, B3y TrupF3(0) 3iaprT Ryy F3(0)
fz[4(a0 + -2 )—"—' + 21(00 + 2 ) ﬂgTBWu(O,O)NBW ﬂg{tgsz(o,O)

“BwW
(1 — 0)aorT Ry1 F4(0) i onyil 0
— = A — .
82wl (0,0 (e, Zrvmi)] = B2A) g (coupa + % v
(4.22)
Note that f, is proportional to f2. F4(0) and F}(0) may be eliminated from (4.22) by using

the linear eigenrelation (4.15).

Now if the same procedure is followed for the solution of the terms proportional to 6°E
in the perturbation quantities solutions can be obtained for Usq, V10, W10, T10 and pyo. These
are found to be identical to the linear solutions (4.12) with f replaced by the amplitude

fs. However, the resulting eigenrelation here is

A2, {_ (1 4+ )T (er)'/?
“BW 283 Tew

b 1+ By E0) + 21l + 2
(crus + —vp1) + (5 + —3) F1(0) + 2i(eg + 73)

FUBlerl (0)
3 Tsw U (0,0)

_ 3T RyaorF3(0) | 4(1 — a)I‘ROIaorF;(O)} _ T2 f, (couss + &032)
r ]

B2u(0,0) 262U (0,0) B8
(4.23)

where * denotes complex conjugate. Since, from (4.22) f; is proportional to f? and from
the linear eigenrelation (4.14) the left-hand-side of (4.23) is zero, this implies that f = 0.
In order to determine whether the nonlinear effects are stabilizing or destabilizing we must
move a sufficient distance from the position of neutral stability.

We wish to determine an amplitude equation for the disturbance amplitude. This will
involve derivatives with respect to r and nonlinear terms. In order to obtain the required
equation, from the results of MacKerrell (1987) we find it is necessary to perturb the
solution a distance of 0(¢) from the neutral position. We must also choose § = €7 so that
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the appropriate nonlinear terms will arise in the eigenrelation. Thus, we define a new
variable r; by
r=7+e¢r, (424)

where 7 is the position of neutral stability. Hence, we can write

0 iap toy 10
o atatea T
for the terms proportional to E and similarly for the O(E?) and 0(E®) terms. Thus, a;
may be effectively replaced by —i8/8r; in the equations previously obtained. The required
eigenrelation will involve terms proportional to f,r,f,df/dr, and f|f 2.
We replace r from (4.24) in the governing equations and rewrite the expansions of the

perturbation quantities in the lower deck. For example,
U = e%{%(u31+2e£u32+ o) +%Q +U,+---E

. ..
€3 (Eg (upr + 2e€upy + )+ + ) B 4+€3 (Umo + €U + 1)

T ..
+£:'(3££”2 (up1 + 2e€upy +---) + L2 + ... E3} + 0(e*) + c.c.
0
.I‘ 5 . .
W = 6%{(_2—;26_[(%1»32 + %vm)ez +o ]+ Wo + Wy + -+ )E
0
T foe® - - R
+e%(-—1—Bf§i[(aou32 + %032)52 +oe] + W+ - ) E* + &% (Wimo + Wit ++++)
0
i f3€° Bo 2 611 3 10
+s(—T[(aou32 + Tvm)f + o] +eWso + + ) E°} + 0(€”°) + c.c.
0

In order to obtain the required eigenrelation we need to determine W;. The linear terms
may be obtained directly from the equation for W;. The terms occurring from expanding
r are obtained from the O(¢) terms obtained by expanding r from (4.24) in the equation
for W,. The nonlinear terms will simply be the nonlinear terms occurring in the equation
for Wyo. Then satisfying the boundary conditions at £ = 0 gives the solvability condition
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This condition leads to the following relation:

4 _ iT2f* fror G2 f{’ﬂlvo +(1+ )( ofr? + B3) F{(0) B4 M2 Ty C*/
dry, ~ 2F ﬂoI‘ﬂgqu n (aoT)'fF‘ﬂ'oI‘s

 Boloyr + BRI TEwC | (1ol + A0 52675y C*/*
(aor) %74701‘ (aor)é'fzﬁol‘Rm

_1)4(0‘0" + B3) F3(0)b }
(040") BoRo1 U ( s )

+(1+i)ﬂ3Tgwqu01/2 /°° sU 0 \/—s)

(aor)%? ﬂor

—(1+3

RHS(¢ = A™%s)ds.

(4.25)
Here b = (v —1)M?¢4(0) / (4T5wC*/?) and is equal to zero for an adiabatic wall. The terms
included in the expression RHS are linear terms depending on the functions pro, pr1, Wo, Uo, Uy, f

and g and so can be written as

RHS(£) = e1(§) f(r).

We now follow the incompressible work of MacKerrell (1987) and write the eigenrelation
(4.25) in the form

a
dr1

where Cj, and Cj; are constants for k = 1,2,3. Now multiply (4.26) by f* and add the

complex conjugate to give

(Clr + 101,)f|f|2 + rlf(02r + 302¢) + f(CSr + 1'031) (426)

CSr

'ddTl(lflz) = 2Cy|f[* + 2Car (1 + )|f|2 (4.27)

In order to simplify (4.27) for C,, # 0 we introduce a new variable r} = r;+C3,/Cs,. Then
(4.27) becomes

d
2 (1f17) = 2Cu | fI* + 2Carl| £ (4.28)
1

From (4.25) and the expression for f,, (4.22), after some manipulation we obtain

o = -2 _SFO(FTo)}

=2 = =2
(142 - MHEI2 31+ 2)ic,

VI TRy A Puby T %o 4o
where
17(FTo)4(F1(0))® | [WoWolfilo,, W3, _y 3 o fioo, s
N 1 FRS T SV L
Al How #BWTEWC( TI(ZJ) ( I )[(ﬂ° s i
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10 ?%I‘o %F’ 0)|{TpTg % L _1 v2 1.0 ﬂlao _5
SO RO (1 1 oyt 4 B - a5 - Aoyt
\/ETBW“BWC Ug Ug ﬂO ﬂO

Figure 3 shows F13/4C}, as a function M, for an adiabatic wall and for an isothermal wall
with Ty = 1.8,1.0,0.6,0.2. We find that C,, is always positive and thus the nonlinear
effects are destabilizing. We find that 7'%/4C,, is less than the incompressible value of
713/4Cy, = 2.357 obtained by Mackerell (1987) for both cases of an adiabatic wall and an
isothermal wall with Tsw > 1.0. However, for an isothermal wall with Tgw < 1.0 71%/4C,,
is greater than the incompressible value at M, = 0.05. Note that C;, decreases as the local
Mach number increases for all values of Tgw. Thus, for a highly cooled wall the destabi-
lizing effects of nonlinearity are greater for a compressible flow than for an incompressible
flow. From (4.25)

1 (FiT,)% 72 vl s
Cor = —F 82 FI(0) Ty (1+ 3)%(1 + =3 — M?)~3cV/*
|03 ug Up
1oL 2 41 (o3 2\ %
i (FiTo)3(y — )M} (0)33 (1 N _v_g> ‘
[Do|3[(Tow — 1)A — (v - 1)M2¢},(0)/4] \" %@}
Fi(0)(F3To)* T3y C1/? Ty 1 7y w2 F(0)
14 29)-1(1 4 20 — M?)~% — .
x| 21, ( +ﬁ3) ( +U§ ) U(0,0)]

In Figure 4 77/4C,, is plotted as a function of M, for an adiabatic wall and for an
isothermal wall with Tgw = 1.8,1.0,0.6,0.2,0.15. We see that for the range of local Mach
number where the solutions are valid and for Tgw > 0.15 that C,, is negative. Thus, in
this case the amplitude of the disturbance increases or decreases depending on whether r
is less than or greater than the neutral value. However, for Ty < 0.15 we find that C,,
becomes positive as M, increases. Thus, in this situation the amplitude of the disturbance
increases as the distance from the neutral radius is increased. For an adiabatic wall and for
an isothermal wall with Tgw > 0.6 we find that Cj, decreases as the local Mach number
increases. However, for an isothermal wall with Tgw < 0.6 there will be a range of the
local Mach number where C,, increases as the local Mach number increases. We note that
the incompressible value of 7//4C,, found by MacKerrell (1987) is equal to —0.903 and we
see that for an adiabatic wall and an isothermal wall with Tgw > 1 that here 7F7/4C,, is
less than the incompressible value.

With the substitutions

2 = y|Car|?/(2Cy) and 7y = z/|C3%,

for C;, # 0, (4.28) becomes
dy 9
Iz = +2zy + y°, (4.29)
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with the positive sign taken if C;, > 0 and the negative sign taken if C;, < 0. If Co, =0

use the substitutions

If? = y(2Cs,)/(2C1,) andry = z/(2Cs,),

so that (4.27) becomes

dy 2
- = . 3
YTy (4.30)
The solutions of (4.29) and (4.30) are
y(z) = ¢ /(1/yo— [5edt), Ca >0, (4.31a)
y(z) = yoe*/(1+yo(l —¢€)), Cor =0, (4.31b)
y(z) = e /(1/yo— (VTerfz)/2), Cu <0, (4.31¢)
where
Yo = |f(7';_ = 0) 2|cchr|Lb'§a C2r ‘_Ié 07 (4.32(1.)
and
Yo = lf(r'l = 0)|2201r/2(03r)a C2r = 0. (4.326)

The result (4.31c) is the generalization of the result obtained by MacKerrell (1987) where
now C), and Cs, depend on Tgw and M,. Hence, for Cy, < 0 the same results hold for the
compressible problem as for the incompressible problem. Thus, there exists a critical value
of the initial amplitude of the disturbance. For values below this critical value (y, = 2/4/7)
the disturbance will grow initially but will eventually decay to zero. Thus, we will have
a stable solution. For initial amplitudes above this critical value the disturbance becomes
exponentially large at a particular radius and does not decay. Thus, in this case the
solution will be unstable. For C; > 0 we have growing solutions terminating at finite
values of the radius. Thus there are no stable solutions for C;, > 0. Figure 5 shows y as a
function of z for different values of yo from (4.31c) for C,, < 0.

From the results of MacKerrell (1987) for an incompressible flow 7~1%/8(—(,,)/%/(2C},) =
0.202. Figure 6 shows 7 1%/8|f(0)|?/yo = F~1%/8(—C,,)"/?/(2C},), for C,, < 0, as function
of M, for an adiabatic wall and for an isothermal wall with Tgw = 1.8,1.0,0.6,0.2. Thus,
we see that 7-19/8(—(,,) /2 /(2C},) is greater than the incompressible value for an adiabatic
wall and for an isothermal wall with Tgy > 1.0 but less than this value for a range of the
local Mach number when Tgw < 1.0.

Thus, for an adiabatic wall and an isothermal wall with Tgw > 1.0 we require a
larger value of the initial amplitude of the disturbance in the compressible case than in

the incompressible case for the solution to become unstable. However, for some values
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of the local Mach number for an isothermal wall with Tgy < 1.0 we require a smaller
value of the initial amplitude of the disturbance in the compressible case than in the
incompressible case for the solution to become unstable. Clearly, from Figure 6, as the
local Mach number increases the threshold amplitude is increased and thus we require a
greater initial amplitude for the disturbed flow to become unstable for larger values of the

local Mach number.

5. CONCLUSION

The main conclusion to be drawn is that the effects of compressibility greatly alter
these stationary viscous modes of instability since they cannot exist for large enough Mach
number. We find that the results for a compressible flow, when these stationary modes
exist, are similar to those obtained by MacKerrell (1987) for an incompressible flow. The
main difference occurs for highly cooled walls. For instance, the finite amplitude of the
disturbance solution increases or decreases depending on whether r is less than or greater
than the neutral position. In the same way as for the incompressible problem for particular
values of M, and Tgw we have the idea of a threshold solution as described by Stuart (1971)
for the finite disturbance amplitude. Thus, there exists a critical value of the amplitude
of the initial disturbance below which the disturbance eventually decays to zero as the
distance from the position of neutral stability is increased and the solution will be stable.
However, if the initial amplitude of the disturbance is above the critical value the solution
will end in a singularity at a finite radius and the solution will be unstable. For highly
cooled walls (Tgw < 0.15) this threshold solution does not exist thus we have only unstable
modes of instability. The nonlinear effects are found to be destabilizing for a compressible
flow, which is also the case for an incompressible flow (see MacKerrell (1987)). It is found
that for an adiabatic wall and an isothermal wall with Tgw > 1.0 the effects of nonlinearity
are not as important here as for an incompressible flow and decrease as the local Mach
number increases. But for an isothermal wall with Tgw < 1.0 the effects of nonlinearity
can be more important for a compressible flow than for an incompressible flow.

The weakly nonlinear analysis has enabled the effect of Mach number on the finite
amplitude growth of a disturbance close to the neutral location to be described. Two cases
of an adiabatic wall and an isothermal wall were investigated. It was found that the nature
of the results was the same for an adiabatic wall and an isothermal wall with Tgw > 1.0.
For these cases it was determined that the wavelength of the disturbance increases as the
local Mach number increases. In addition, as the temperature of the wall is raised for an
isothermal wall the disturbance wavelength increases. The orientation of the stationary

vortices is described by the angle 6, where 0, is the angle between the tangent to the
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vortices and the normal to the radius vector. As the local Mach number is increased we
find that 0, decreases. For an isothermal wall as the temperature of the wall is increased 6,
decreases. Thus, we observe that for an isothermal wall with Ty > 1.0 increasing either
the local Mach number or the temperature of the wall produces the same effect. For an
isothermal wall with Tgw < 1.0 the same results apply with the exception that 6, may
increase as the local Mach number increases.

We now describe the main differences between our results for a compressible flow and
those obtained by Hall (1986) and MacKerrell (1987) for an incompressible flow. We find
that there is a larger mean flow correction in the normal direction in the lower deck for
a compressible flow than for an incompressible flow, but otherwise the disturbance flow
structures are the same. In Figure 1 we see that Tor'/? is less than the value obtained by
Hall (1986) for an adiabatic wall and also for an isothermal wall with Tsw > 1.0. Thus, the
wavelength of the disturbance is longer in these situations than for an incompressible flow.
However, for an isothermal wall with Tgw < 1.0 the wavelength of the disturbance may be
shorter than that for an incompressible flow. Figure 2 shows that (e1/Bo — 0B/ B3)r®/4
is greater than the incompressible value obtained by Hall (1986) for an adiabatic wall and
an isothermal wall with Tpy > 1.0. Hence, the angle of orientation of the stationary
vortices 0, is smaller for these cases than for an incompressible flow. For an isothermal
with Tpw < 1.0 6, may be larger than for an incompressible flow.

From the nonlinear analysis we found that 73/4C}, is less than the value obtained by
MacKerrell (1987) for an incompressible flow for an adiabatic wall and for an isother-
mal wall with Tgw > 1.0. Thus, in these cases the nonlinear effects are less important
for a compressible flow than for an incompressible one although they are still destablish-
ing. However, for an isothermal wall with Tgw < 1.0 7'3/4C,, may be greater than the
incompressible value in which case the nonlinear effects will be stronger than for an in-
compressible flow. From Figure 4 we find that for highly cooled flows C;, may be zero or
positive. Thus, in this case there will be no threshold solution with only unstable modes of
instability present. From Figure 6 we see that for Cy, <0 79/8 |f(r} = 0)|?/y, is greater
than the value obtained by MacKerrell (1987) for an adiabatic wall and for an isothermal
wall with Ty < 1.0. The solution (4.31c) breaks down when yo = 2/4/7 which is the
same value as for an incompressible flow. Hence, for an adiabatic wall and an isothermal
wall with Tz, > 1.0 for an unstable solution the initial amplitude of the disturbance for a

‘compressible flow must be larger than that required for an incompressible flow. But for an

isothermal wall with T, < 1.0 we require a smaller initial amplitude for the solution to
become unstable. In addition, for a highly cooled wall there is the possibility of no thresh-
old solution, the solution being unstable in this case. Thus, an unstable mode of instability

25



is more likely to occur for a compressible flow with a highly cooled wall than for an in-
compressible flow. For an adiabatic wall or an isothermal wall with Tpw > 1.0 the system
must be forced even more strongly for a compressible flow than for an incompressible flow
for these stationary modes of instability to be evident.

We found that these stationary viscous modes of instability do not occur above a critical
supersonic local Mach number of about 1.57. This suggests that for small amplitude
disturbances for values of the local Mach number greater than 1.57 the inviscid stationary
modes described by Gregory, Stuart and Walker (1955) will be more dominant. Hence,
for small amplitude disturbances it is unlikely that this mode would be observed in flows
over bodies moving at very high Mach numbers. On the other hand, for values of the local
Mach number less than 1.57, for highly cooled walls there is a strong possibility that the

nonlinear effects may cause the early breakdown of the laminar flow.
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